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Abstract
We present a new class of four-dimensional AdS black holes with non-compact event
horizons of finite area. The event horizons are topologically spheres with one puncture,
with the puncture pushed to infinity in the form of a cusp. Because of the shape of
their event horizons, we call such black holes “black bottles”. The solution was obtained
as a special case of the Pleban´ski–Demian´ski solution, and may describe either static or
rotating black bottles. For certain ranges of parameters, an acceleration horizon may
also appear in the space-time. We study the full parameter space of the solution, and
the various limiting cases that arise. In particular, we show how the rotating black hole
recently discovered by Klemm arises as a special limit.
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1 Introduction
There are well-known theorems which state that black holes in four-dimensional, asymp-
totically flat space-times must have spherical event-horizon topology [1, 2]. Attempts to
directly extend these theorems to more general situations, however, have largely been
unsuccessful. Indeed, it was realised quite early on that black holes in an asymptotically
anti-de Sitter (AdS) space-time can have the topology of a Riemann surface with arbi-
trary genus [3–11]. Such solutions are known as “topological black holes”. More recently,
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asymptotically flat black holes with ring-shaped horizons have been discovered in higher
dimensions (see, e.g., [12] for a review).
The class of topological black holes discovered in [3–11] is described by the static
metric
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΣ2(k) ,
f(r) = k − 2m
r
+
r2
ℓ2
, (1)
where ℓ is related to the cosmological constant Λ by ℓ2 = − 3
Λ
, andm is the mass parameter
of the black hole. dΣ2(k) is a 2-surface with constant scalar curvature 2k. We may normalise
k so that it takes the values k = ±1 and 0, in which case dΣ2(k) has the form
dΣ2(k) =


dρ2 + sin2 ρ dφ2, k = +1; (2a)
dρ2 + dφ2, k = 0; (2b)
dρ2 + sinh2 ρ dφ2, k = −1. (2c)
Note that for constant t, the horizon geometry is a sphere, plane or hyperbolic plane
for k = +1, 0,−1 respectively. In the latter two cases, the surfaces described by dΣ2(k)
are non-compact, but they can be made compact by appropriate identifications on the
coordinates. For the k = 0 case, the topology of the horizon can be turned into that of
a torus, while for the k = −1 case, it can be turned into that of a Riemann surface with
genus greater than one.
In this paper, we will be exclusively focussed on the case in which the horizon is a
hyperbolic surface. Moreover, for reasons that will become clear below, we will only be
interested in non-compact hyperbolic surfaces. Besides the hyperbolic plane metric dΣ2(−1)
in (2c), there exist two other non-compact constant-curvature hyperbolic surfaces whose
metrics:
dΣ
′2
(−1) = dρ
2 + cosh2 ρ dφ2, (3a)
dΣ
′′2
(−1) = dρ
2 + e−2ρdφ2, (3b)
can be substituted into (1). These two surfaces can be obtained from the hyperbolic
plane by quotienting it by an appropriate subgroup of its isometry group (see, e.g., [13]).
For reasons explained in [13], they are known as the hyperbolic and parabolic cylinders
respectively. While the hyperbolic cylinder has two ends ρ → ±∞ that are symmetric
under the reflection ρ→ −ρ, the parabolic cylinder has non-symmetric ends. In particu-
lar, the small end of the parabolic cylinder with ρ > 0 is known as a “cusp”, and can be
embedded in a three-dimensional Euclidean space as shown in Fig. 1.1 The cusp has the
1It should be pointed out that it is not possible in general to embed a hyperbolic surface in a three-
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Figure 1: The cusp, as embedded as a surface of revolution in a three-dimensional Eu-
clidean space. The top of the surface is where ρ = 0, while ρ→∞ is reached asymptoti-
cally at the bottom of the figure.
remarkable property that it has a finite area.
An early attempt to generalise the hyperbolic black hole (1) and (2c) was to include
a rotation parameter [14]. However, it was realised (see the errata of [14]) that when
rotation is present, the coordinate identifications that turn the hyperbolic surface into
a Riemann surface of higher genus cannot be performed consistently. The horizon of
the rotating hyperbolic black hole has to remain non-compact. Asymptotically, where the
effects of the rotation vanish, it approaches the form of (2c). In this sense, it is a deformed
hyperbolic surface, with the rotation parameter determining the amount of deformation
away from (2c).
The rotating hyperbolic black hole, like its spherical counterpart, belongs to the
Carter–Pleban´ski solution [15, 16]. Now, the Carter–Pleban´ski solution is a special case
of the well-known Pleban´ski–Demian´ski solution [17], which contains an extra parameter
commonly known as an acceleration parameter. Very recently, a static class of hyperbolic
black holes with a non-zero acceleration parameter was derived from this solution [18]. It
was shown that they have horizons which are asymptotically a hyperbolic surface, similar
to that of the rotating hyperbolic black hole. Thus the acceleration parameter, like the
rotation parameter, determines the amount of deformation of the horizon away from (2c).
At this stage, one might wonder if there exist black holes whose horizons are asymp-
totically cusps of the form (3b), instead of the form (2c). Such a horizon would have a
finite area, in contrast to that of the rotating or accelerating hyperbolic black hole which
has an infinite area. Indeed, such a solution was recently discovered by Klemm [19] (see
dimensional Euclidean space. The cusp is an exception to this rule.
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Figure 2: The black spindle, as embedded as a surface of revolution in a three-dimensional
Euclidean space. It has cusps extending to infinity at the top and bottom of the figure.
also [20]). This solution describes a rotating black hole whose horizon has two cusp ends,
as shown in Fig. 2. Because of its shape, we shall refer to this black hole as a “black
spindle”. It was found as a special case of the Carter–Pleban´ski solution, and can also
be obtained as an ultra-spinning limit of the Kerr–AdS solution. In particular, the latter
implies that the black spindle does not have a static limit. Further properties of this
solution have been studied in [21, 22].
In hindsight, it is clear why the black spindle is necessarily rotating. We have seen
that a static hyperbolic black hole must have a horizon with a constant negative scalar
curvature. However, the horizon of the black spindle in Fig. 2 obviously does not have this
property. In fact, it has a central spherical region with a positive scalar curvature. It is
only along the two cusps that the horizon becomes hyperbolic, so the horizon is what we
refer to as a deformed hyperbolic surface. Such a horizon is compatible with the presence
of a non-trivial rotation parameter.
Topologically, the horizon of the black spindle is a sphere with two punctures. The
space-time is made complete by pushing these punctures to infinity, in the form of cusp
ends. Thus despite the non-compact nature of the horizon, its area remains finite. This
construction has an obvious extension to an arbitrary number of punctures. However,
if we restrict ourselves to black-hole space-times with an axial symmetry, then the only
other possibility is a horizon that is topologically a sphere with one puncture. Such a
horizon would look like a one-ended version of Fig. 2 (c.f. Fig. 4 below), and we shall call
such a black hole a “black bottle”.
Such a black bottle solution was described in [18], as a special case of the class of solu-
tions considered in that paper. It arises from the static limit of the Pleban´ski–Demian´ski
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solution, so it has a vanishing rotation parameter but a non-vanishing acceleration para-
meter. It is this acceleration parameter which allows the horizon to be asymptotically
hyperbolic, with a single cusp end. This static black bottle actually predates the rotat-
ing black spindle discovered by Klemm: it is the so-called planar black hole in the black
droplet solution of [23].
In this paper, we would like to consider generalising the black bottle to include rotation.
It turns out that such a rotating black bottle does exist within the general Pleban´ski–
Demian´ski solution, although finding a form of it which is amenable to analysis is not
immediately obvious. To this end, we use some of the ideas developed in [24, 18] for the
AdS C-metric, to find a suitable form for both the static and rotating black bottles. In the
static case, it actually differs from the form used in [18]. The advantage of this new form
becomes apparent when the rotating case is considered; for example, the parameter space
describing rotating black bottles is relatively simple and can be completely characterised
in this form.
The organisation of this paper is as follows: We begin in Sec. 2 with an analysis of
the static black bottle. We present the new form of this solution, find the appropriate
coordinate and parameter ranges, and study its geometrical and physical properties. In
Sec. 3, we turn our attention to the rotating black bottle and build upon the analysis of
the static case. In particular, we present the full two-dimensional parameter space of this
solution. We also study the various special cases of this solution, including how the black
spindle arises as a limiting case of the black bottle. The paper concludes with a summary
and discussion of the results. There is also an appendix in which we show how the black
bottle solution can be derived from the Pleban´ski–Demian´ski solution.
2 Static black bottle
The metric describing a static black bottle is given by
ds2 =
ℓ2(1− b)
(x− y)2
[
Qdt2 − dy
2
Q
+
dx2
P
+ Pdφ2
]
,
P = 1 + x− x2 − x3, Q = b+ y − y2 − y3. (4)
We note that the functions P and Q can also be written as
P (x) = (1− x)(1 + x)2, Q(y) = P (y)− (1− b) . (5)
This solution has two parameters: ℓ and b. The former is related to the cosmological
constant Λ by
ℓ2 = − 3
Λ
, (6)
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and sets the scale of the space-time. Since we are only interested in AdS space-times,
we can assume ℓ2 > 0. The solution (4) was identified in [18] as a subclass of the AdS
C-metric. In Appendix A, we explicitly show how it can be derived from the general
Pleban´ski–Demian´ski solution.
2.1 Coordinate and parameter ranges
We now wish to find the appropriate coordinate and parameter ranges, such that (4)
describes a space-time free of curvature singularities and with the correct Lorentzian
signature (−+++). It can be checked that there are in general curvature singularities
located at x, y = ±∞, so that the coordinates x and y must take finite ranges. Further-
more, they must satisfy either x < y or x > y, since x = y is where conformal infinity of
the space-time (4) is located. The requirement of Lorentzian signature means that either
P > 0, Q < 0 and b < 1 , (7a)
or
P < 0, Q > 0 and b > 1 . (7b)
It follows that the ranges of x and y will be bounded by the roots of P and Q respectively,
in addition to the line x = y.
The roots of P can be trivially read off from the first equation in (5): there is a single
root at x = +1 and a double root at x = −1. It follows that the appropriate finite range
of x is −1 < x < +1, for which P > 0. This rules out the case (7b), leaving just (7a) to
consider.
On the other hand, the root structure of Q depends on the value of the parameter b.
In the range b < 1, Q may possess either one or three real roots. It turns out that the case
in which Q possesses only one real root describes a black bottle without an acceleration
horizon, while the case in which Q possesses three real roots describes a black bottle with
an acceleration horizon. We now study these two cases separately.
2.1.1 Static black bottle without an acceleration horizon
We first consider the range
b < − 5
27
, (8)
in which case Q has only one real root y1, satisfying
y1 < −5
3
< −1 . (9)
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Figure 3: The domains of the (a) static black bottle without an acceleration horizon,
and (b) static black bottle with an acceleration horizon. The x coordinate runs in the
horizontal direction, while the y coordinate runs in the vertical direction. The shaded
areas depict the coordinate ranges of interest. The diagonal line corresponds to x = y,
while the edges of the plot correspond to x, y = ±∞.
It follows that if we restrict ourselves to the following ranges of x and y:
−1 < x < +1 , y1 < y < x , (10)
the metric (4) will describe a space-time with Lorentzian signature. We refer to the
coordinate range (10) as the domain of the space-time, and it is illustrated in Fig. 3a.
The physical meaning of the boundaries of the domain will be discussed in Sec. 2.2.
We just mention here that y = y1 corresponds to a Killing horizon in the space-time. It
is in fact a black-hole horizon, since there is a curvature singularity at y = −∞ beneath
it. As we shall see below, the double root at x = −1 endows the black-hole horizon with
a bottle shape, so we shall call this black hole a “black bottle”. Unlike the following case
we consider, there are no other horizons present in the space-time.
2.1.2 Static black bottle with an acceleration horizon
In the remaining range to consider:
− 5
27
≤ b < 1 , (11)
Q has three real roots. If we denote them by y1,2,3 in increasing order, they satisfy
−5
3
≤ y1 < −1 < y2 ≤ y3 < +1 . (12)
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It follows that if we restrict ourselves to the following ranges of x and y:
−1 < x < +1 , y1 < y < y2 , y < x , (13)
the metric (4) will describe a space-time with Lorentzian signature. The domain of this
space-time is illustrated in Fig. 3b.
As in the previous case, y = y1 corresponds to a Killing horizon that is a black-hole
horizon. It again has the shape of a bottle. In this case, however, there is a second
Killing horizon at y = y2, which forms the upper boundary of the domain. This Killing
horizon extends to conformal infinity x = y, and can be understood to be an acceleration
horizon of the space-time [25–27]. This means that the black bottle is undergoing an
acceleration, with b as the acceleration parameter. In the previous case, the acceleration
of the black bottle is sufficiently small that the acceleration horizon is absent. It is in fact
the analogue of the “slowly accelerating” spherical black holes that are known to exist in
AdS space-time [25–27].
Because of its shape, the Killing horizon at y = y2 has also been referred to as a “black
droplet” by Hubeny et al. [23].2 We will investigate the shape of this horizon in more
detail in Sec. 2.2.2.
We remark that the critical case b = − 5
27
(or equivalently y1 = −53) occurs when
y2 = y3. This corresponds to the case in which the acceleration horizon has become
extremal. When the acceleration horizon is pushed beyond extremality, it disappears
from the system. This occurs when b < − 5
27
, which corresponds to the black bottle
without an acceleration horizon considered previously.
On the other hand, the limit b → 1 is well defined only if ℓ is sent to infinity while
keeping ℓ2(1 − b) finite, resulting in a Ricci-flat metric. As will be explained below, this
limit is of no interest to us.
2To make contact with the metric studied in [23], we start from (4) and perform the following coor-
dinate transformations and parameter redefinition:
x→ 3 + 4
√
3x
9
, y → 3 + 4
√
3y
9
, (ψ, φ)→ 3
√
3
8
(ψ, φ) , b = −5 + 32λ
27
.
We then obtain [23]
ds2 =
ℓ2(1 + λ)
(x− y)2
[
Fdt2 − dy
2
F
+
dx2
G
+Gdφ2
]
,
F = −λ− y2 − 2µy3, G = 1− x2 − 2µx3,
with µ = 1/(3
√
3). The parameter range (11) corresponds to −1 < λ ≤ 0, in which case F has three real
roots.
9
2.2 Geometrical and physical properties
2.2.1 Rod structure
Having obtained the possible domains of the black bottle solution, we now turn to a
study of the boundary of each domain. It turns out that this will give us much useful
information about the geometrical and physical properties of the space-time.
We have already mentioned that the boundary segment x = y represents conformal
infinity of the space-time. The remaining segments of the boundary represent sets of
space-time points at which either P = 0 or Q = 0. They can also be understood to be
sets of points at which some linear combination of the Killing vector fields ∂
∂t
and ∂
∂φ
:
k ∝ α ∂
∂t
+ β
∂
∂φ
, (14)
has vanishing norm. If k is time-like, the segment represents a Killing horizon of the
space-time; if k is space-like, the segment represents an axis of the space-time. Each such
segment is known as a “rod”, and can be defined to have the normalised direction:
k =
1
κ
(
α
∂
∂t
+ β
∂
∂φ
)
≡ 1
κ
(α, β) . (15)
Here, κ is the surface gravity of the Killing horizon, if k is time-like and α is chosen to
have unit value. If k is space-like, κ is a Euclidean version of the surface gravity [28]. The
collection of all the rods, together with their directions, is known as the rod structure
of the space-time. More details of the rod-structure formalism can be found in [28], and
references therein.
We first consider the rod structure of the black bottle with an acceleration horizon;
that of the black bottle without an acceleration horizon will arise as a special case of this.
It turns out to have the following rod structure:
• Rod 1: a semi-infinite space-like rod located at (x=−1, y1≤ y <−1), with direction3
k1 =
1
κE1
(0, 1) , κE1 = 0 ; (16)
• Rod 2: a finite time-like rod located at (−1≤x≤+1, y= y1), with direction
k2 =
1
κ2
(1, 0) , κ2 = −1
2
dQ
dy
∣∣∣∣
y=y1
; (17)
3Since κE1 = 0 in this case, k1 is strictly speaking not normalisable. However, we continue to adopt
the formal notation for k1 in (16), since it usefully encodes value of the (Euclidean) surface gravity. The
implications of the vanishing of κE1 will be discussed below.
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• Rod 3: a finite space-like rod located at (x=+1, y1≤ y≤ y2), with direction
k3 =
1
κE3
(0, 1) , κE3 = 2 ; (18)
• Rod 4: a semi-infinite time-like rod located at (y2<x≤+1, y= y2), with direction
k4 =
1
κ4
(1, 0) , κ4 =
1
2
dQ
dy
∣∣∣∣
y=y2
. (19)
These four rods meet at the three turning points (x=−1, y= y1), (x=+1, y= y1) and
(x=+1, y= y2). Note that Rods 1 and 3 correspond to the left and right vertical bound-
aries of the domain in Fig. 3b respectively, while Rods 2 and 4 correspond to the lower
and upper horizontal boundaries respectively. Rods 1 and 4 are semi-infinite, since the
boundaries they correspond to are joined up to conformal infinity x = y.
Since Rods 2 and 4 are time-like, they are Killing horizons in the space-time. As we
will see in the following subsection, the horizon described by Rod 2 has the shape of a
bottle; it is the black bottle. On the other hand, the horizon described by Rod 4 extends
to conformal infinity; it is an acceleration horizon. The surface gravities of these two
horizons are κ2 and κ4 respectively, and they are both guaranteed to be non-negative by
the profile of the function Q.
Turning to the space-like rods, we note that Rod 3 is an axis that stretches between
the two horizons. The Euclidean surface gravity of this rod, κE3, actually encodes the
natural periodicity of the relevant azimuthal coordinate, in this case the φ coordinate. To
avoid a conical singularity along this axis, the coordinate identification
(t, φ)→
(
t, φ+
2π
κE3
)
= (t, φ+ π) , (20)
has to be made.
On the surface, Rod 1 would seem to be another axis of the space-time. However, note
that it has vanishing Euclidean surface gravity κE1. The reason for this can be traced to
the fact that x = −1 is a double root of the function P , and it actually implies that Rod
1 is at an infinite proper distance from the other points in the space-time. This can be
seen from the fact that the integral
∫ x0
−1
1
x− y
dx√
P
=
∫ x0
−1
dx
(x− y)√1− x (x+ 1) , (21)
diverges. Thus, Rod 1 represents a new spatial infinity of the space-time, distinct from
conformal infinity x = y.
There is in fact a similar result for time-like rods. If two roots of Q were to coincide,
they would describe an extremal horizon with vanishing surface gravity. As is well known
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from say the Reissner–Nordstro¨m or Kerr black hole, such an extremal horizon is infinitely
far away from the other points in the space-time.
We now briefly describe the rod structure of the black bottle without an acceleration
horizon. It can in fact be obtained from the above rod structure by simply removing the
fourth rod. Without this rod, Rod 3 will extend to conformal infinity x = y; it now has
coordinates (x = +1, y1 ≤ y < +1). The three rods of this rod structure clearly form the
vertical and horizontal boundaries of the domain in Fig. 3a.
As in the case considered above, Rod 2 is a Killing horizon; it is the so-called black
bottle. Rod 3 is an axis of the space-time that now extends from the horizon to conformal
infinity. To avoid a conical singularity along this axis, the same coordinate identification
as in (20) has to be made. Lastly, Rod 1 forms a new spatial infinity of the space-time.
In both cases, note that the bottle horizon described by Rod 2 extends to the new
spatial infinity described by Rod 1. This is the first hint that the so-called neck of the
bottle is infinitely long. Moreover, the φ-circle vanishes at the end of the neck. We will
perform a detailed analysis of this horizon geometry in the following subsection.
2.2.2 Horizon geometries
To study the geometry of the black-hole horizon represented by Rod 2, it is convenient to
reparameterise the solution in terms of y1. This amounts to writing b in terms of y1 as
4
b = y1(−1 + y1 + y21) . (22)
For a constant time slice, the horizon has the induced metric
ds2BH =
ℓ2(1− y1)(1 + y1)2
(x− y1)2
[
dx2
(1− x)(1 + x)2 + (1− x)(1 + x)
2dφ2
]
. (23)
It can be checked that the coordinate identification (20) ensures that the “north pole”
of the horizon, x = +1, is a regular point of the space-time. The geometry around this
point resembles that around the north pole of a perfect sphere.
The “south pole” of the horizon, x = −1, however, presents a different story. If we
define the new coordinate ρ ≡ − ln(1 + x), the south pole can be approached by taking
the limit ρ→∞. In this limit, the metric (23) approaches
ds2BH →
ℓ2(1− y1)
2
(
dρ2 + 4e−2ρdφ2
)
, (24)
4In this parameterisation, we note that y2,3 can be explicitly expressed as
y2,3 = −1 + y1 ±
√
(1 − y1)(5 + 3y1)
2
.
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Figure 4: The black bottle, as embedded as a surface of revolution in a three-dimensional
Euclidean space. The north pole of the bottle is connected by an axis to conformal infinity
at the top of the figure. The neck of the bottle extends to the new spatial infinity at the
bottom of the figure.
which is the cusp metric (3b), up to a conformal factor and a rescaling of φ. As can be
seen from (24), the south pole is infinitely far away from the other points of the geometry.
Moreover, the size of the φ-circle goes to zero as the south pole is approached.
A fuller picture of the horizon geometry can be obtained from the scalar curvature of
the metric (23), which can be calculated to be
R = − 2
ℓ2
+
2(x− y1)3
ℓ2(1− y1)(1 + y1)2 . (25)
At the north and south poles, it is
R(x=+1) = − 8y1
ℓ2(1 + y1)2
> 0 , R(x=−1) = 4
ℓ2(y1 − 1) < 0 . (26)
Note that the scalar curvature is positive around the north pole, indicating a spherical
geometry there. On the other hand, the scalar curvature is negative around the south
pole, indicating a hyperbolic geometry there. Thus, the horizon interpolates between a
spherical geometry and a hyperbolic one.
This picture is confirmed if we embed (23) as a surface of revolution in a three-
dimensional Euclidean space. This embedding is illustrated in Fig. 4. As can be seen, the
geometry near the north pole is spherical, while the geometry near the south pole is that
of a cusp. Because its shape resembles an (inverted) bottle, we shall call this black hole
a “black bottle”. The cusp forms the infinitely long and thin neck of the bottle.
13
Figure 5: The black bottle with an acceleration horizon, as embedded as a surface of
revolution in a three-dimensional Euclidean space. The bottle connects to the acceleration
horizon by an axis, and the latter extends to conformal infinity at the top of the figure.
As usual, the neck of the bottle extends to the new spatial infinity at the bottom of the
figure.
We note that the size of the φ-circle shrinks exponentially to zero at the south pole.
This behaviour leads to the finiteness of the area of the horizon, which can be straight-
forwardly calculated to be
ABH = −2πℓ2(1 + y1) . (27)
We thus see that y1 has an interpretation as the area parameter of the bottle horizon. In
the limit b → −∞ for fixed ℓ, the area of the horizon blows up. In the limit b → 1 with
ℓ2(1 − b) fixed, the area also blows up. So a well-behaved black bottle solution does not
exist in either limit. In particular, the latter limit indicates that the black bottle does not
exist in Ricci-flat space-times.
Turning to the acceleration horizon represented by Rod 4, we can similarly calculate
its induced metric:
ds2AH =
ℓ2(1− y2)(1 + y2)2
(x− y2)2
[
dx2
(1− x)(1 + x)2 + (1− x)(1 + x)
2dφ2
]
, (28)
where y2 is given in terms of y1 by the equation in Footnote 4. It can be checked that
the coordinate identification (20) ensures that the “north pole” of the horizon, x = +1,
is a regular point of the space-time. At the other end of the range, x = y2, the conformal
factor in front of the metric (28) blows up. Thus the horizon extends to conformal infinity
of the space-time, and has an infinite area.
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The scalar curvature of the metric (28) can be calculated to be
R = − 2
ℓ2
+
2(x− y2)3
ℓ2(1− y2)(1 + y2)2 . (29)
At the north pole and at conformal infinity, it is
R(x=+1) = − 8y2
ℓ2(1 + y2)2
, R(x= y2) = − 2
ℓ2
< 0 . (30)
Note that the scalar curvature is always negative at x = y2. However, the scalar curvature
can take either sign at x = +1: it is positive if y2 is negative, and vice versa.
When R(x=+1) is positive, the geometry is spherical around the north pole. The
horizon thus interpolates between a spherical geometry at the north pole, and a hyper-
bolic one at conformal infinity. In this case, it is possible to partially embed (28) as a
surface of revolution in a three-dimensional Euclidean space. Such an embedding is illus-
trated in Fig. 5, superimposed on an embedding of the corresponding bottle horizon. The
embedding fails at some stage before the horizon reaches conformal infinity at the top of
the figure. This horizon has the shape of a droplet hanging from above; that is why it is
also known as a “black droplet” [23].
When R(x=+1) is negative, the geometry is hyperbolic around the north pole. In this
case, it is not possible to embed (28) in a three-dimensional Euclidean space. Nonetheless,
the horizon will still have the same topology as in the previous case, and it might be
appropriate to continue referring to it as a black droplet.
3 Rotating black bottle
The rotating generalisation of the metric (4) is given by
ds2 =
ℓ2(1− b)
(x− y)2
[
Q
1 + ax2y2
(dt−√ax2dφ)2 − 1 + ax
2y2
Q
dy2
+
1 + ax2y2
P
dx2 +
P
1 + ax2y2
(dφ+
√
ay2dt)2
]
,
P = 1 + (1 + ab)x− (1− ab)x2 − (1 + ab)x3 − abx4,
Q = b+ (1 + ab)y − (1− ab)y2 − (1 + ab)y3 − ay4. (31)
We note that the functions P and Q can also be written as
P (x) = (1− x)(1 + x)2(1 + abx) , Q(y) = P (y)− (1− b)(1 + ay4) . (32)
This solution has three parameters: ℓ, a and b. The static solution (4) is recovered by
setting a = 0, so a can be interpreted as a rotation parameter. The other two parameters
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ℓ and b have the same interpretations as in the static case. This solution can be derived
from the general Pleban´ski–Demian´ski solution, as we explicitly show in Appendix A.
3.1 Coordinate and parameter ranges
We now wish to find the appropriate coordinate and parameter ranges, such that (31)
describes a space-time free of curvature singularities and with the correct Lorentzian
signature. Moreover, these ranges should reduce to those found for the static case in the
limit a = 0.
Now, it can be checked that there are in general curvature singularities located at
(x=±∞, y=0) and (x=0, y=±∞), so the desired coordinate range must avoid these
points. Recall that in the static case, the requirement of Lorentzian signature means that
(7a) must hold. Moreover, in this case, we need to impose a ≥ 0, so that the metric (31)
remains real. Thus, to ensure the correct signature, we impose the ranges of parameters:
a ≥ 0 , b < 1 . (33)
Again, the Ricci-flat limit b→ 1 is of no interest to us.
The roots of P can be read off from the first equation in (32). As in the static case,
there is a single root at x = +1 and a double root at x = −1. But there is now a new
root at x = − 1
ab
. The appropriate range of x is still between the original two roots, i.e.,
−1 < x < +1. The requirement that P is positive in this range then gives the constraint
−1 ≤ ab ≤ 1 . (34)
This range of x means that the curvature singularities at (x=±∞, y=0) will be
avoided. To avoid the other curvature singularities at (x=0, y=±∞), we follow the
static case and demand that Q has at least one real root y1, satisfying y1 < −1, which
forms the lower bound for the range of y. The upper bound for y is taken to be the next
root of Q greater than y1, if it exists. In any case, an absolute finite upper bound for y is
y = x, which represents conformal infinity of the space-time (31). In this range of y, we
require that Q is negative for Lorentzian signature.
Since Q is a quartic polynomial with negative leading coefficient (the case a = 0 will
no longer be considered), we in fact have the stronger result that it admits at least two
real roots y0,1, satisfying
y0 ≤ y1 < −1 . (35)
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If Q admits four real roots, then the other two roots will satisfy
−1 < y2 ≤ y3 < +1 . (36)
This follows from the simple inequalities:
Q(−1) = Q(+1) = −(1 + a)(1− b) < 0 ,
Q′(−1) = 4a(1− b) > 0 , Q′(+1) = −4(1 + a) < 0 . (37)
It is of course also possible that y2 and y3 are both complex, so that Q has only two real
roots at y0 and y1. It turns out that the case in which Q possesses only two real roots
describes a rotating black bottle without an acceleration horizon, while the case in which
Q possesses four real roots describes a rotating black bottle with an acceleration horizon.
We now study these two cases separately.
3.1.1 Rotating black bottle without an acceleration horizon
This case corresponds to Q having only two real roots, at y0 and y1. The domain of
interest is then
−1 < x < +1 , y1 < y < x . (38)
This domain structure is similar to that of the static black bottle without an acceleration
horizon in Fig. 3a. In particular, the bottle horizon continues to be located at y = y1.
The differences are that there is an extra root of P at x = − 1
ab
(which may lie either on
the left or right of the domain), and an extra root of Q at y = y0 ≤ y1. The latter can
in fact be interpreted as the inner horizon of the rotating black bottle. When y0 and y1
become degenerate, we have an extremal rotating black bottle without an acceleration
horizon.
3.1.2 Rotating black bottle with an acceleration horizon
In the case, Q has four real roots satisfying
y0 ≤ y1 < −1 < y2 ≤ y3 < +1 . (39)
The domain of interest is then
−1 < x < +1 , y1 < y < y2 , y < x . (40)
Again, this domain structure is similar to that of the static black bottle with an accelera-
tion horizon in Fig. 3b. In particular, the bottle horizon continues to be located at y = y1,
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Figure 6: The parameter space describing rotating black bottles. The curve labelled by
(a) corresponds to extremal black bottles, the dashed curve to black bottles with extremal
acceleration horizons, and the dotted curve to black bottles in thermal equilibrium with
their acceleration horizons. The dashed curve separates the black bottles with acceleration
horizons (AHs) from those without. The black spindle is recovered in the limit when
b→ −∞ appropriately.
and the acceleration horizon at y = y2. The differences are that there is an extra root
of P at x = − 1
ab
, and an extra root of Q at y = y0 ≤ y1. The root at y = y0 can again
be interpreted as the inner horizon of the rotating black bottle. When y0 and y1 become
degenerate, we have an extremal rotating black bottle with an acceleration horizon.
3.1.3 Parameter space
It is of interest to understand the full a-b parameter space describing rotating black bottles.
Recall that we had imposed the constraints (33) and (34) on a and b. It turns out that
a much stronger constraint on the parameters comes from (35). As we shall see, the full
parameter space, as an a-b plot, is given by the shaded region in Fig. 6. It is bounded
by three curves: the extremal black bottle curve labelled by (a), the static limit a = 0,
and the Ricci-flat limit b = 1. This space is divided into subregions representing different
physical configurations, the details of which will be explained in Sec. 3.3. At this stage,
we simply note the following global ranges of parameters implied by Fig. 6:
0 ≤ a < 1 , b < 1 . (41)
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It can also be checked that the shaded region of Fig. 6 lies within the range (34), as it
should. In fact, it touches the curves |ab| = 1 only at b = 1, and in the limit b → −∞.
Since b = 1 is excluded from the parameter range, we actually have
−1 ≤ ab < 1 . (42)
3.2 Geometrical and physical properties
3.2.1 Rod structure
We now consider the rod structure of the rotating black bottle solution. As in the static
case, useful information about the geometrical and physical properties of the space-time
can be deduced from it. We begin with the rod structure of the rotating black bottle with
an acceleration horizon:
• Rod 1: a semi-infinite space-like rod located at (x=−1, y1≤ y <−1), with direction
k1 =
1
κE1
(
√
a, 1) , κE1 = 0 ; (43)
• Rod 2: a finite time-like rod located at (−1≤x≤+1, y= y1), with direction
k2 =
1
κ2
(1,−√ay21) , κ2 = −
1
2
dQ
dy
∣∣∣∣
y=y1
; (44)
• Rod 3: a finite space-like rod located at (x=+1, y1≤ y≤ y2), with direction
k3 =
1
κE3
(
√
a, 1) , κE3 = 2(1 + ab) ; (45)
• Rod 4: a semi-infinite time-like rod located at (y2<x≤+1, y= y2), with direction
k4 =
1
κ4
(1,−√ay22) , κ4 =
1
2
dQ
dy
∣∣∣∣
y=y2
. (46)
The rod structure of the rotating black bottle without an acceleration horizon can be
obtained from this by simply removing the fourth rod. Without this rod, Rod 3 will
extend to conformal infinity x = y; it now has coordinates (x=+1, y1≤ y <+1).
Note that in both cases, the locations of the rods and the turning points between them
are formally identical to those of the static case. The introduction of rotation, however,
changes the directions of all the rods. In particular, their directions are no longer purely
along ∂
∂t
or ∂
∂φ
. This necessitates the introduction of new temporal and/or azimuthal
coordinates, which we will do in the following subsection.
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3.2.2 Temporal and azimuthal coordinates
If we define a new temporal coordinate τ by
τ = t−√aφ , (47)
the metric (31) becomes
ds2 =
ℓ2(1− b)
(x− y)2
{
Q
1 + ax2y2
[
dτ +
√
a(1− x2)dφ]2 − 1 + ax2y2
Q
dy2
+
1 + ax2y2
P
dx2 +
P
1 + ax2y2
[
(1 + ay2)dφ+
√
ay2dτ
]2}
. (48)
One can then recalculate the rod structure in these coordinates. The transformation
(47) actually does not change the locations of the rods and turning points found in the
preceding subsection. The rod directions are also invariant, but they should now be
expressed in the new basis
{
∂
∂τ
, ∂
∂φ
}
[28]. They are given by
k1 =
1
κE1
(0, 1) , κE1 = 0 ; (49a)
k2 =
1
κ2
(
1,−
√
ay21
1 + ay21
)
, κ2 = − 1
2(1 + ay21)
dQ
dy
∣∣∣∣
y=y1
; (49b)
k3 =
1
κE3
(0, 1) , κE3 = 2(1 + ab) ; (49c)
k4 =
1
κ4
(
1,−
√
ay22
1 + ay22
)
, κ4 =
1
2(1 + ay22)
dQ
dy
∣∣∣∣
y=y2
. (49d)
We remind the reader that k4 is irrelevant in the case of the black bottle without an
acceleration horizon.
In these coordinates, it is clear that Rod 3 is an axis of the space-time, with φ as
the azimuthal coordinate. To avoid a conical singularity along this axis, the coordinate
identification
(τ, φ)→
(
τ, φ+
π
1 + ab
)
, (50)
has to be made.
As in the static case, the vanishing of κE1 indicates that Rod 1 represents a new spatial
infinity of the space-time. The fact that k1 is parallel to k3 implies that it is the φ-circle
which vanishes at the new spatial infinity.
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3.2.3 Horizon geometries
Since Rod 2 and Rod 4 (if it exists) are time-like, they represent horizons in the space-
time. They are the rotating generalisations of the black-hole and acceleration horizons
respectively. We now turn to a study of their geometries.
We begin with the black-hole horizon represented by Rod 2. It is convenient to re-
parameterise the solution in terms of a and y1, which amounts to writing b in terms of a
and y1 as
b =
y1(−1 + y1 + y21 + ay31)
1 + a(y1 + y21 − y31)
. (51)
For a constant time slice, the horizon has the induced metric
ds2BH =
ℓ2(1− b)
(x− y1)2
[
1 + ax2y21
P
dx2 +
P
1 + ax2y21
(1 + ay21)
2dφ2
]
. (52)
With the form of P in (32), one can check that the geometry around the north pole,
x = +1, resembles that around the north pole of a perfect sphere. On the other hand, at
the south pole, x = −1, the horizon extends to the new spatial infinity in the form of a
cusp.
The scalar curvature of the metric (52) can be calculated to be
R = − 2
ℓ2
+
2(x− y1)3(1 + ay21)2(1− 3axy1 − 3ax2y21 + a2x3y31)
ℓ2(1− y1)(1 + y1)2(1 + ay1)(1 + ax2y21)3
. (53)
At the north and south poles, and at the equator, it is
R(x=+1) = − 8y1(1 + a)(1 + ay
3
1)
ℓ2(1 + y1)2(1 + ay1)(1 + ay21)
, (54a)
R(x=−1) = − 4(1 + 2ay1 − 2ay
3
1 − a2y41)
ℓ2(1− y1)(1 + ay1)(1 + ay21)
< 0 , (54b)
R(x=0) = −2[(1 + ay1)(1 + y1 − y
2
1)− ay41(1− 2y1 − ay31)]
ℓ2(1− y1)(1 + y1)2(1 + ay1) > 0 . (54c)
It can be shown that the scalar curvature at the south pole (54b) is always negative, while
that at the equator (54c) is always positive. Thus, the geometry is hyperbolic at the south
pole, consistent with the formation of a cusp there. The geometry is spherical around
the equator. However, the scalar curvature at the north pole (54a) can either be positive
or negative. It can be shown that it is positive for sufficiently small a, and negative for
sufficiently large a.
It follows that, for sufficiently small a, the horizon interpolates between a spherical
geometry at the north pole and a hyperbolic one at the south pole. This is similar to the
situation in the static case, and the horizon has the shape of a bottle. Indeed, for such
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cases, embeddings of (52) in a three-dimensional Euclidean space are similar to that in
Fig. 4.
On the other hand, for sufficiently large a, the north pole of the horizon has a hyper-
bolic geometry. For such cases, it turns out that an embedding of (52) in a three-
dimensional Euclidean space is not possible, at least near the north pole. (The south pole
up to the equatorial region can still be embedded, and would look like the corresponding
regions in Fig. 4.) Nonetheless, the horizon will in general still have the topology of a
sphere with one puncture, i.e., a bottle. For this reason, we will continue to refer to these
solutions as black bottles. It is only in the black spindle limit (c.f. Sec. 3.3.2) that the
north pole will extend to infinity, and the horizon topology will become that of a sphere
with two punctures.
Recall from the rod structure (49) that the directions of Rods 1 and 3 are parallel.
This means that the generator of the neck of the black bottle, i.e., the direction that
circles around the neck of the bottle, is also the generator of the axis of the space-time.
So the bottle is rotating about its neck. Moreover, it rotates with angular velocity ΩBH,
given by the second component in the bracket of k2 in (49b).
The area of the horizon is finite as in the static case, and can be straightforwardly
calculated to be
ABH = −2πℓ
2(1 + y1)(1 + ay1)
1 + ay21
. (55)
We see that, for fixed y1, increasing the rotational parameter a decreases the area of the
horizon. The minimal area occurs when a reaches the curve (a) in Fig. 6, corresponding
to an extremal black bottle (c.f. Sec. 3.3.1).
Turning to the acceleration horizon represented by Rod 4, we can similarly calculate
its induced metric:
ds2AH =
ℓ2(1− b)
(x− y2)2
[
1 + ax2y22
P
dx2 +
P
1 + ax2y22
(1 + ay22)
2dφ2
]
. (56)
It can be checked that the geometry is regular around the north pole, x = +1. At the
other end of the range, x = y2, the horizon extends to conformal infinity of the space-time.
The scalar curvature of the metric (56) can be calculated, and it can be seen that it
is always negative at x = y2. However, the scalar curvature at x = +1 can take either
sign in general, as in the static case. If it is positive, a partial embedding of the horizon
is possible, and this embedding is similar to the droplet-shaped horizon in Fig. 5.
The second component in the bracket of k4 in (49d) represents the angular velocity
ΩAH of the acceleration horizon. From the fact that y
2
1 > y
2
2, we have for a 6= 0,
|ΩBH| > |ΩAH| , (57)
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i.e., the bottle horizon rotates faster than the acceleration horizon. In particular, they
can never be in dynamical equilibrium. We remark that by appropriately choosing the
time coordinate, one can find a coordinate system in which the acceleration horizon is
static at conformal infinity. However, the bottle horizon will still have a non-zero angular
velocity.
3.2.4 Absence of CTCs
We now show that the rotating black bottle space-time does not contain any closed time-
like curves (CTCs). The absence of CTCs in a space-time with axial symmetry requires
that the generator of this symmetry never vanishes except on the axis itself. In other
words, ∂
∂φ
in the metric (48) should have a non-negative norm gφφ in the domain of
interest. Direct computation yields
gφφ =
ℓ2(1− b)(1 + ab)(1− x)(1 + x)2H
(x− y)2(1 + ax2y2) , (58)
where H is defined as
H ≡ (1− axy)(1− ay3) + ay(1 + y)(1 + xy) . (59)
We now prove that H is positive in the region
−1 < x < +1 , y1 < y < x ; (60)
this is sufficient to rule out CTCs in the two possible domains (38) and (40), corresponding
to black bottles without and with acceleration horizons respectively. Recall that the
parameters a and b obey the constraints (41) and (42). Here, for simplicity, we shall
assume 0 < a < 1; it can be verified directly that the static case a = 0 has no CTCs.
We begin by noting that H is linear in terms of x. Firstly, we consider the triangular
range of coordinates satisfying
−1 ≤ y < x < +1 . (61)
In this range, we clearly have 1+ay > 0 and 1+ay4 > 0. H is then positive in this range
since
H(x= y) = (1 + ay)(1 + ay4) > 0 , H(x=+1) = (1 + ay2)2 > 0 . (62)
Next, we consider the rectangular range of coordinates satisfying
y1 < y < −1 < x < +1 . (63)
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Since we have H(x=+1) > 0, we need to prove
K ≡ H(x=−1) = 1 + 2ay − 2ay3 − a2y4 > 0 , (64)
for all y1 < y < −1. We observe that K is a quartic polynomial in terms of y with
negative leading coefficient, and that
K ′(y=−1) = 4a(a− 1) < 0 , K ′(y=0) = 2a > 0 . (65)
This shows that there is exactly one maximum for K lying in the range −∞ < y < −1.
So for y1 < y < −1, the minimum of K lies at either endpoint of the range. In either
case, K is positive, as can be seen as follows:
K(y=−1) = 1− a2 > 0 ,
K(y= y1) = K(y= y1)− aQ(y= y1)
= (1− ab)[1 + ay21 + ay1(1− y21)] > 0 . (66)
This concludes the proof that there are no CTCs in the domains of interest.
3.3 Special cases
In this section, we shall study several important special cases of the rotating black bottle
solution (31) or (48). In doing so, we shall come to a physical understanding of the various
boundaries and parts of the parameter space in Fig. 6.
3.3.1 Extremal black bottle
As mentioned above, the rotating black bottle has two horizons: an outer one at y = y1
and an inner one at y = y0. An extremal black bottle occurs when the two horizons
coincide:
y0 = y1 . (67)
This condition is most elegantly solved if we adopt y1 as a fundamental parameter; a and
b can then be expressed in terms of it as
a =
1− 3y1
y21(3− y1)
, b = −y
2
1(3 + y1)
1 + 3y1
, y1 < −1 . (68)
This gives the curve (a) in Fig. 6. Being the upper boundary of the parameter space, this
curve yields the maximum value of a possible for a given value of b.
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In terms of y1, the other two roots of Q can be written as
y2,3 =
y1
(
1− y21 ± 2
√
−2 + 20y21 − 2y41
)
9y21 − 1
. (69)
It can be checked that y2,3 are complex in the range
y1 < −
√
3−
√
2 . (70)
In this case, the solution describes an extremal black bottle without an acceleration hori-
zon. On the other hand, y2,3 are real in the range
−
√
3−
√
2 ≤ y1 < −1 , (71)
and the solution describes an extremal black bottle with an acceleration horizon. The
critical value y1 = −
√
3 −√2 corresponds to the case in which y2 = y3. In this case, we
have
a = −b =
√
9−
√
8 , (72)
and the four roots of Q are
y0 = y1 = −
√
3−
√
2 , y2 = y3 =
√
3−
√
2 . (73)
This special case, which is indicated by a bullet point in Fig. 6, describes an extremal
black bottle with an extremal acceleration horizon.
3.3.2 Black spindle
Recall from (32) that the function P has four real roots: a double root at x = −1, a single
root at x = +1, and another single root at x = − 1
ab
. By the condition (42), the last root
lies outside the physical range −1 < x < +1. However, in the special case
ab = −1 , (74)
it will coincide with the root at x = +1 to form a double root there. We then have the
interesting situation in which the physical range of x is bounded by double roots at both
endpoints.
It can be checked that for fixed values of b < 0, the curve (a) in Fig. 6 always lies
below that of (74). It is only in the limit b→ −∞ that they coincide, at the extreme left
edge of the parameter space in Fig. 6. Thus the special case (74) can only be achieved in
the limit b→ −∞. At the same time, we need to take a→ 0 so that (74) is satisfied.
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To take this limit in an appropriate way, we first set
b = − 1
ǫ2
, a = ǫ2(1− cǫ) , y = − 1
ǫr
, t→ ǫt , (75)
and then take the limit ǫ→ 0+. The metric (31) then becomes
ds2 = ℓ2
[
− F (dt− x
2dφ)2
r2 + x2
+
(r2 + x2)dr2
F
+
(r2 + x2)dx2
G
+
G(dt+ r2dφ)2
r2 + x2
]
,
G = (1− x2)2, F = (1 + r2)2 − cr . (76)
This solution has a curvature singularity at (r=0, x=0). For it to describe a black hole,
we require that F has a positive root representing the location of an event horizon. This
implies that
c ≥ 16
√
3
9
. (77)
It can be checked that for such values of c, and only such values, the limit (75) falls within
the parameter ranges that we have identified. The case of equality in (77) describes an
extremal black hole. This solution was first identified by Klemm [19].
The defining property of this solution is that P has a pair of double roots, at x = ±1.
As we have seen in the black bottle solution, a double root of P corresponds to a new
spatial infinity of the space-time. The horizon extends to this new spatial infinity in the
form of a cusp. It follows that in this case, the horizon will have two separate cusps,
extending in opposite directions to the new spatial infinities at x = ±1, as in Fig. 2. The
black bottle becomes a black spindle.
Unlike the black bottle however, the present solution does not contain any space-like
rod with non-vanishing surface gravity. This means that the space-time does not contain
any axis, and we no longer have to make an identification on the azimuthal coordinate
φ to ensure that the space-time is regular. A consequence of this is that φ can take any
period, or can even be uncompactified, i.e., −∞ < φ < ∞. We remark that if φ has a
finite period, the area of the horizon is finite.
3.3.3 Black bottle with an extremal acceleration horizon
Now we focus on the case in which the black bottle has an acceleration horizon. Besides
y0,1,2, the function Q has a fourth real root y3. This root lies beyond the acceleration
horizon at y = y2, and so is outside the physical range for y. However, in the special case
y2 = y3 , (78)
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it will coincide with the root at y = y2 to form a double root there. This corresponds to
the acceleration horizon becoming extremal.
The condition (78) can be solved in terms of y2 as follows:
a =
1− 3y2
y22(3− y2)
, b = −y
2
2(3 + y2)
1 + 3y2
,
√
3−
√
2 ≤ y2 ≤ 1
3
. (79)
Note that this solution has the same form as the one in (68), although the parameter range
is, of course, different. The range of y2 in (79) is restricted as such by the requirement
that the roots y0,1 are real, so that the inner and outer horizons of the black bottle exist.
In terms of y2, these two roots can be written as
y0,1 =
y2
(
1− y22 ± 2
√
−2 + 20y22 − 2y42
)
9y22 − 1
. (80)
The lower bound of y2 in (79) corresponds to the case y0 = y1. In this case, the solution
(48) describes an extremal black bottle with an extremal acceleration horizon, a configu-
ration which was discussed in Sec. 3.3.1. On the other hand, the upper bound of y2 in (79)
corresponds to the case a = 0, i.e., the static limit of the black bottle with an extremal
acceleration horizon.
In the parameter space of Fig. 6, (79) gives the dashed curve. This curve divides
the parameter space into two regions: on its right are the black bottles with acceleration
horizons, characterised by Q having four real roots; on its left are the black bottles without
acceleration horizons, characterised by Q having only two real roots.
3.3.4 Black bottle in thermal equilibrium with its acceleration horizon
In the case when the black bottle has an acceleration horizon, each horizon has its own
temperature, and it is natural to ask if thermal equilibrium is possible in such a con-
figuration. Since the temperature of a horizon is proportional to its surface gravity, the
condition of thermal equilibrium in this case translates to the equality κ2 = κ4. From
(49b) and (49d), we thus have the condition
1
1 + ay21
dQ
dy
∣∣∣∣
y=y1
+
1
1 + ay22
dQ
dy
∣∣∣∣
y=y2
= 0 . (81)
This equation involves the roots y1 and y2 explicitly, suggesting that it might be easier to
solve using them as parameters. The parameterisation of a and b in terms of y1,2 is then
given by the equations
Q(y1) = 0 , (82a)
Q(y2) = 0 . (82b)
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The equation (82a) is solved by (51). Substituting this into (82b) and (81), we obtain
two polynomial equations in terms of a and y1,2. These two equations are quadratic
in terms of a. A linear combination of them that is linear in a can then be found by
eliminating the a2 term. Solving this equation for a in the form a = a(y1, y2), and then
substituting back into (82b) and (81), we get the relation
2(1− y1y2)2 − (1 + y1 + y2 + y1y2)2 = 0 . (83)
A solution for y2 is given by
y2 = − y1 + 1 +
√
2
1 + (1−√2)y1
. (84)
The other solution for y2 is discarded since it leads to an incorrect signature for the domain
of interest.
The solution is thus completely determined by the parameters ℓ and y1. Substituting
(84) into a(y1, y2) and (51), we obtain the parameters a and b in terms of y1 as follows:
a =
√
9−
√
8 , b =
y1(y1 + 1 +
√
2)(y21 + 2y1 +
√
2y1 − 1−
√
2)
(−y1 + 1 +
√
2)(y21 +
√
2y1 + 1 +
√
2)
, (85)
for −√3 −√2 ≤ y1 < −1. The black bottle in thermal equilibrium with its acceleration
horizon is thus described in the a-b parameter space by the straight line
a =
√
9−
√
8 ,
√
8−
√
9 ≤ b < 1 . (86)
The lower bound of b in (86) corresponds to the special case in which thermal equilibrium
is achieved at zero temperature, when the two horizons become extremal.
The curve (86) is the dotted one in Fig. 6. It divides the region of the parameter
space describing black bottles with acceleration horizons into two subregions: above it
are configurations in which the bottle is colder than the acceleration horizon (the so-
called “cold bottles”); below it are configurations in which the bottle is hotter than the
acceleration horizon (the so-called “hot bottles”).
4 Summary and discussion
In this paper, we have presented a new solution, (31) or (48), describing a rotating black
bottle in an asymptotically AdS space-time. Besides the AdS length scale ℓ, the solution
has two other parameters a and b, which fill out the region of the parameter space as
shown in Fig. 6. a can be interpreted as a rotation parameter, with the static black
bottle recovered when a = 0. On the other hand, b can be interpreted as an acceleration
parameter. When it is sufficiently small, the space-time contains only the black bottle
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horizon; otherwise, an extra acceleration horizon appears in the space-time.
The latter behaviour is also known to occur in the case of accelerating spherical black
holes in AdS space-time [25–27]. When the acceleration of the black hole is sufficiently
small, it actually remains static with respect to AdS infinity. In this case, a conical
singularity attached to the black hole provides the necessary tension to counterbalance
the cosmological compression of AdS space. In the black bottle case however, it is the
neck of the bottle which plays the role of the conical singularity in connecting the black
bottle to AdS infinity and keeping it static.
We remark that the acceleration is turned off in the limit b→ −∞. This is the limit in
which we can recover the black spindle, so the latter can be interpreted as a black bottle
with vanishing acceleration. This is consistent with the fact that the black spindle can be
obtained from the Carter–Pleban´ski solution, which is the zero-acceleration limit of the
Pleban´ski–Demian´ski solution. It is also consistent with the fact that the black spindle
can be obtained as an ultra-spinning limit of the non-accelerating Kerr–AdS black hole.
Like the black spindle, one of the most interesting properties of the black bottle is that
it has a non-compact event horizon with a finite area. It follows that its entropy is also fi-
nite. For the black spindle, this results in some rather unusual thermodynamic properties.
It was shown in [21, 22] that the black spindle provides the first counterexample to the
so-called reverse isoperimetric inequality. This is a conjecture that amongst black holes
of a given thermodynamic volume, the Schwarzschild–AdS black hole has the maximal
entropy. It turns out that the black spindle exceeds the maximal entropy implied by the
reverse isoperimetric inequality, and for this reason, it was referred to as “super-entropic”
in [21, 22]. It would be interesting to check if the black bottle also violates the reverse
isoperimetric inequality.
The static solution describing a black bottle with an acceleration horizon has previ-
ously been studied within the context of the AdS/CFT correspondence [23]. Since the
acceleration horizon (known as a black droplet in [23]) extends to conformal infinity x = y,
there is a black hole on this boundary where the CFT is defined. It is then possible to use
the AdS/CFT correspondence to study the dynamics of a strongly coupled field theory
in the background of this boundary black hole. In the AdS bulk, the interaction between
the field theory plasma and the boundary black hole can be understood in terms of the
interaction between the two bulk horizons, namely the black bottle and the black droplet.
Since the focus in [23] was on the description of equilibrium states, the black bottle
and black droplet horizons were supposed to have the same temperature. However, in the
static solution considered therein, the two horizons always had different temperatures.
In [29], the authors added charge to this solution, and found that thermal equilibrium
was possible for a certain set of parameters. In this paper, we have seen that adding
rotation is another way to achieve thermal equilibrium. But we have also noted that since
the two horizons always have different angular velocities, dynamical equilibrium is not
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possible in the rotating solution.
A different static black-hole solution, known as a black funnel, was also considered
in [23] as a possible AdS bulk. In this solution, there is a single horizon stretching
from conformal infinity all the way to the new spatial infinity. This solution is, in fact,
again given by (4), with the parameter range (11). However, the coordinate range is
now different. In the context of Fig. 3b, the appropriate domain is the triangle which is
bounded by the lines x = −1, y = y2 and x = y. In particular, the line y = y2 is the black
funnel horizon. The solution describing a rotating black funnel can similarly be read off
from (31), with the appropriate coordinate and parameter ranges.
Although the black bottles considered in this paper are uncharged, it is possible to
add an electric charge e and a magnetic charge g to them. The charged version of (31) is
given by
ds2 =
ℓ2(1− b)
(x− y)2
[
Q
1 + ax2y2
(dt−√ax2dφ)2 − 1 + ax
2y2
Q
dy2
+
1 + ax2y2
P
dx2 +
P
1 + ax2y2
(dφ+
√
ay2dt)2
]
,
P = 1− q2 + (1 + ab)x− (1− ab− 2q2)x2 − (1 + ab)x3 − (ab+ q2)x4,
Q = b− q2 + (1 + ab)y − (1− ab− 2q2)y2 − (1 + ab)y3 − (a+ q2)y4, (87a)
and the corresponding gauge potential is
A =
√
ℓ2(1− b)(1 + a)
1 + ax2y2
[
ey(dt−√ax2dφ)− gx(dφ+√ay2dt)] . (87b)
Here, we have defined q ≡
√
e2 + g2. Note that P and Q can also be written as
P (x) = (1− x)(1 + x)2[1− q2 + (ab+ q2)x] , Q(y) = P (y)− (1− b)(1 + ay4) . (88)
This solution describes a charged rotating black bottle. If we set a = 0, we recover the
static charged black bottle solution first studied in [29]. In Appendix A, we show how (87)
can be derived from the general Pleban´ski–Demian´ski solution. It may be worthwhile to
study this solution in more detail.
Finally, we mention that the solution (31) admits a natural generalisation in which
P no longer has a double root at x = −1. Thus, the south pole of the horizon would
no longer be the end of a cusp that is infinitely far away. At the same time, the sign of
the cosmological constant is no longer restricted to be negative. Such a four-parameter
solution would describe a spherical black hole in either a de Sitter or an anti-de Sit-
ter space-time, that possesses both a rotation and an acceleration, but without a NUT
charge. It is in fact a generalisation of the rotating C-metric solution of [30] to include
a cosmological constant. We will present the new form of this solution and analyse its
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properties in a forthcoming publication [31].
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A Derivation of the black bottle solution
In this appendix, we show how the various black bottle solutions that we have studied
can be derived from the general Pleban´ski–Demian´ski solution.
The Pleban´ski–Demian´ski solution [17] has the metric:
ds2 =
1
(p− q)2
[
Q
1 + p2q2
(dτ − p2dφ)2 − 1 + p
2q2
Q
dq2
+
1 + p2q2
P
dp2 +
P
1 + p2q2
(dφ+ q2dτ)2
]
,
P = γ1 + 2np− ǫp2 + 2mp3 − (γ2 + e2 + g2)p4,
Q = γ2 + 2nq − ǫq2 + 2mq3 − (γ1 + e2 + g2)q4, (89a)
and the gauge potential:
A = 1
1 + p2q2
[
eq(dt− p2dφ)− gp(q2dt+ dφ)] . (89b)
It can be checked that (89) is a solution to the Einstein–Maxwell equations, with cosmo-
logical constant Λ = 3(γ2 − γ1). The parameters e and g are related to the electric and
magnetic charge of the solution respectively. Note that for fixed Λ, e and g, the solution
is completely determined by the function P .
The derivation starts from the observation that to have a bottle geometry, P should
possess a double root at the neck of the bottle, which we assume to be at p = p1. The
Killing vector that circles around the neck is then given by
k1 ∝ p21
∂
∂t
+
∂
∂φ
. (90)
On the other hand, the generator of the axis, which we assume to be at p = p2, is given
by
k2 ∝ p22
∂
∂t
+
∂
∂φ
. (91)
We demand that these two vectors are parallel, so that the space-time is rotating about
the neck. This implies that p21 = p
2
2, and the only non-trivial solution to this is p1 = −p2.
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Hence, to have a black bottle solution, we require that P has a pair of opposite roots
(−p2 and p2), with one of them (−p2) being degenerate.
The above conditions on P can be summarised as P (p2) = P (−p2) = P ′(−p2) = 0,
which can then be solved to obtain
γ1 =
p42(1− e2ℓ2 − g2ℓ2)− 2mℓ2p32
ℓ2(1 + p42)
, n = −mp22 ,
ǫ =
2p22(1− e2ℓ2 − g2ℓ2)− 2mℓ2p2(1− p42)
ℓ2(1 + p42)
, (92)
where ℓ is related to the cosmological constant Λ by (6). Substituting these expressions
into P , we obtain
P =
(p− p2)(p+ p2)2[(p− p2)(1− e2ℓ2 − g2ℓ2) + 2mℓ2(1 + p32p)]
ℓ2(1 + p42)
. (93)
This parameterisation of P in terms of p2 and m, in addition to ℓ, e and g, uniquely
determines the black bottle solution. There are five independent parameters in all.
The remaining task is to simplify the metric. Firstly, we would like to rescale the
coordinates so that the roots of P now lie at ±1. Secondly, we want P to become a
cubic polynomial when p2 → 0, which corresponds to taking the static limit. These
considerations motivate us to perform the rescalings:
p→ p2x , q → p2y , t→ p2t , φ→ p2φ ,
m→ m
ℓ2p32
, (e, g)→ (e, g)
ℓp22
, (94)
which results in a P of the form:
P =
(x− 1)(x+ 1)2[2m(1 + xp42) + (1− x)(e2 + g2 − p42)]
ℓ2(1 + p42)
. (95)
In the static limit p2 = 0, and with e = g = 0, the expression of P in (5) is indeed
obtained (up to an overall factor). We note that p2 appears only in the form p
4
2. So we
redefine p2 and m in terms of new parameters a and b as follows:
p2 =
4
√
a , m =
1 + ab
2(b− 1) . (96)
The final simplification comes from rescaling e and g by
(e, g)→
√
1 + a
1− b (e, g) , (97)
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which results in a very simple form for P :
P =
(x− 1)(x+ 1)2[1− e2 − g2 + (ab+ e2 + g2)x]
ℓ2(b− 1) . (98)
Upon a further rescaling of the t and φ coordinates, we obtain the charged rotating black
bottle solution (87). The other solutions (31) and (4) can be obtained as special cases of
(87).
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